In this paper, we discuss the characteristic features of 1D topological insulators with inversion symmetry but non-centered inversion axis in the unit cell, for any choice of the unit cell. In these systems, the global inversion operation generates a k-dependent inversion operator within the unit cell and this implies a non-quantized Zak's phase both for the trivial and non-trivial topological phases. By relating the Zak's phase with the eigenvalues of modified parity operators at the inversion invariant momenta, a corrected quantized form of the Zak's phase is derived. We show that finite energy topological edge states of this family of chains are symmetry-protected not by usual chiral symmetry but by a hidden sublattice chiral-like symmetry. A simple justification is presented for shifts in the polarization quantization relation for any choice of endings of these chains. PACS numbers: 74.25.Dw,74.25.Bt In one-dimensional (1D) topological insulators with unit cells that respect inversion(I)-symmetry, the eigenstates of the Bloch Hamiltonian H k generate symmetric charge distribution in relation to the unit cell inversion center. Choosing open boundary conditions (OBC) commensurate with the unit cell, polarization is due only to the edge states contribution and the bulk-edge correspondence can be described by the intercell Zak's phase that ignores the relative position of orbitals within the same unit cell. In order to find topological invariants that protect finite energy edge states in the case of noncommensurate OBC or non-centered I-axis in the unit cell, modified approaches have been proposed such as the splitting of the Zak's phase into intracell and intercell contributions [1] [2] [3] [4] [5] , the squaring of the Hamiltonian [6] [7] [8] [9] [10] [11] or synthetic dimensions [12] [13] [14] [15] [16] .
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In this paper, we propose a different path to address 1D topological insulators with I-symmetry but non-centered I-axis in the unit cell, for any choice of the unit cell. Relying in the Wilson's loop method [17, 18] , a quantized corrected Zak's phase is related with the eigenvalues of modified parity operators at the I-invariant momenta. Finite energy edge states in these models are shown to be eigenstates of (and therefore protected by) aĈ 1/2 operator that reflects a underlying sublattice chiral symmetry. Furthermore, the non-centered I-axis in the unit cell implies a displacement of the inversion center of the bulk charge distribution with relation to the center of the chain for commensurate OBC generating a shift in the polarization quantization.
Generalization of Zak's phase: Given a 1D tightbinding Hamiltonian with translation invariance, its eigenstates are Bloch states |k ⊗ |u k , where k is the momentum and |u k is the respective eigenstate of the Bloch Hamiltonian H k . A convenient way to compute the Zak's phase in band j is through the Wilson loop, W j = N −1 n=0 u j (−π + n∆k)|u j (−π + (n + 1)∆k) , where we have set the momentum increment to ∆k = 2π Nuc , with N uc the number of unit cells in the periodic chain. In the continuous limit (N uc → ∞, ∆k → 0), the Zak's phase [19] of band j becomes
Eigenstates with opposite momenta are related by the I-operator within the unit cell as |u j (−k) = e iθ kπ k |u j (k) , for all k = 0, π, where e iθ k is an arbitrary phase factor that we take out for convenience from now on since they will appear as conjugate pairs in the Wilson's loop [18] . The condition for a k-independentπ is that the I-axis is at the center of the considered unit cell [see Fig. 1(a) ]. There are models, however, where this condition is not met for any choice of the unit cell, as demonstrated in the case of Fig. 1(b) . In the case of the arbitrary unit cell of Fig. 1 (c), both in size and morphology (regarding the hoppings parameters), of uniformly spaced sites [at positions r j = (j − 1 2 ) a Na , with j = 1, 2, ..., N a ], the possible positions for the I-axis are given by r m = a( 1 2 + m 2Na ), with m = 0, ±1, ..., ±N a indicating its displacement from the center of the unit cell. A k-dependence in the I-operator appears for m = 0, with a general form in the |k, j basis (where j labels the sites in the unit cell) being given bŷ
(Na−m)×(Na−m)
where [π] m×m is the usual matrix representation of the I- operator in a unit cell with m sites, that is, a skew diagonal matrix of dimension m such that [π] m×m ij = δ i,m+1−j . The model in Fig. 1 (b) corresponds to the particular case of N a = 4 and m = 1. Assuming this case (general expressions will be given below), and keeping only the first order terms in the Wilson's loop, we obtain
for dk < k < π. In the last step we assumed, to leading order, u j,
The modified parity of the corresponding eigenstates is well defined, that is,π 0 |u j (0) = P 0 |u j (0) and π π |u j (π) = P π |u j (π) , with P 0 , P π = ±1. Note that π 0 andπ π are different and modified parity operators.
The procedure now is to substitute (3) (4) (5) (6) in the computation of the Wilson loop in (1) to obtain the following simplified expression for the Zak's phase,
which is in general non-quantized due to the last term. The last term in (6), with a positive sign, was disregarded as an infinitesimal surface term. A π-quantized Zak's phase in each band,γ j , can still be recovered by dropping the last term in the previous equation, so the general expression forγ j is
which agrees withγ j = Arg(P 0 P π ), for all m. C 1 chiral symmetry and C 1/2 symmetry: Again, we will focus on a specific example with non-centered I-axis: the t 1 t 1 t 2 t 2 model, which is a particular case of the SSH 4 model [20, 21] . Considering the unit cell of Fig. 1(b) , the bulk Hamiltonian (intercell spacing was set to a = 1) is
The eigenvalue equation,
Note that ±|∆ k | is the energy dispersion of the SSH model with staggered squared hoppings t 2 1 and t 2 2 . In the following, we set t 2 = 1 as the energy unit and t 1 /t 2 = t.
After some algebra, the top band eigenvector can be cast as
with
and k, φ k , θ k ∈] − π, π]. The other three eigenvectors are obtained from this one using two unitary Hermitian
which in the basis |k, A , |k, C , |k, B , |k, D (note the reordering) are given byĈ 1 (k) = σ z ⊗ 1 2 and
where σ α are the Pauli matrices. In all eigenstates, the occupation probability in both sublattices AC and BD is 1/2. The operatorsĈ 1 andĈ 1/2 , whose action is depicted in Fig. 1(d) , reflect respectively the usual chiral symmetry and a hidden sublattice chiral-like symmetry of this system. All bipartite models have chiral symmetry, defined by the existence of an operatorĈ 1 such that C 1 HĈ 1 = −H (note that this condition does not definê C 1 uniquely). The presence of chiral symmetry entails a symmetric energy spectrum around zero. In particular, if a chiral-symmetric model has edge states with non-zero energy, as we will show to be the case in the t 1 t 1 t 2 t 2 model, these edge states appear in chiral pairs with symmetric energies and are localized at the same edge [22] . Chiral symmetry, by itself, only ensures the topological protection of edge states if these have zero energy, otherwise the topological protection of the edge states has to be defined with recourse to another operator.
Let us determine the general form of an edge-like eigenstate of an infinite t 1 t 1 t 2 t 2 chain. These states are in general non-normalizable. However, if they have zeros of amplitude at certain sites, we can cut the infinite chain at these sites and these edge states become exact eigenstates of the chain with OBC, orthogonal to the harmonic bulk states, since the boundary conditions are automatically satisfied. A general eigenstate of the infinite t 1 t 1 t 2 t 2 chain can be written as |w(ε, c) = j c j |u(ε, c) , where c = e ik , k ∈ C, that is, we allow for a complex momentum k so that exponentially decaying solutions (the edge states) are not ruled out [23] [24] [25] [26] . The eigenvalue equation H |w(ε, c) = ε |w(ε, c) can be rewritten as H edge (c) |u(ε, c) = ε |u(ε, c) with a non-Hermitian H edge (c) = H Bloch (e ik → c) which yields the eigenenergies ε = ε k e ik → c where ε k is the energy dispersion of the Bloch states given in the previous section, written as 
We search for the values of c for which (14) has a zero of amplitude on at least one of the components in any of the four possible eigenstates, as required by the OBC. There are only four such values of c: (i) c = ±1 corresponding to the k = 0 and k = π bulk states of the four bands; (ii) u(ε, c = − 1 t 2 ) = (−t 2 , 0, t, ε) T and u(ε, c = −t 2 ) = (1, ε, t, 0) T with energy ε = √ t 2 + 1, obtained by algebraic development of (14) [27] , as well as the respective chiral pairs. The available edge states of this model are given by the c = −t 2 , − 1 t 2 cases, with t = 1, each with two possible edge states with symmetric energies.
In the SSH model, for t < 1, the left and right edge states are written as |L ≈ j (−t) j−1 √ 1 − t 2 |j, A and |R ≈ j (−1/t) j−1 1 − 1/t 2 |j, B . These states are their own chiral pairs, that is, C 1 |L(R) = σ z |L(R) = +(−) |L(R) and it is this property that forces the energy of these states to remain zero as long as the chiral symmetry is not broken. The finite energy of edge states of the t 1 t 1 t 2 t 2 chain described above implies that these states are not protected by the usual chiral symmetry, but they are by the symmetry associated with theĈ 1/2 operator. An important detail is that, unlikeĈ 1 , thê C 1/2 operator has a k-dependentĈ 1/2 (k) matrix representation. In the edge states subspace, the matrix representation of theĈ 1/2 operator is obtained in the same way as H edge , that is,Ĉ edge 1/2 (c) =Ĉ Bloch 1/2 (e ik → c) [28] and in the {|A , |C , |B , |D } basis of each unit cell, it is given byĈ
The finite energy edge states of the t 1 t 1 t 2 t 2 chain are their own pairing state underĈ edge 1/2 (c). If we square the Hamiltonian of the OBC t 1 t 1 t 2 t 2 chain shown in Fig. 1(b) (which has I-symmetry but noncommensurate OBC), one obtains two decoupled OBC chains with I-symmetry: a commensurate SSH chain (with B and D sites) with hopping parameters t 2 1 and t 2 2 and local potential t 2 1 +t 2 2 and a chain (with A and C sites) with non-commensurate OBC, staggered local potentials, and an impurity potential at the ends. Both chains have the same spectrum and the edge state in the SSH chain is protected by the usual chiral symmetry (which is a sublattice symmetry in the original chain) if zero energy is set at the value of the diagonal local potential. This SSH chiral symmetry corresponds to the lower block in the previous matrix representation ofĈ edge 1/2 (c), and accordingly the edge states of the t 1 t 1 t 2 t 2 chain are protected against perturbations that preserve this lower σ z block, such as hoppings terms connecting B and D sites. Note that such perturbations break the chiral symmetry given by theĈ 1 operator, showing unambiguously that the chiral-like symmetry given by theĈ edge 1/2 (c) operator is the topologically protecting symmetry of our model.
Non-quantized polarization: If the unit cell is commensurate with the OBC, real-space I-symmetry is absent in 1D topological insulators with non-centered I-symmetry axis within the unit cell. I-symmetry in relation to the center of the chain can be recovered considering a noninteger number of unit cells [for example, adding an extra A site at the right end of the t 1 t 2 t 2 t 1 chain, see Fig. 2(b) ]. At the topological transition point of the t 1 t 2 t 2 t 1 chain, t 1 = t 2 , both cases show zero polarization when any number of bands/states are occupied.
Assuming the latter case and t 1 t 2 , one has left and right finite energy edge states in the top and bottom gaps as shown in Fig. 2(a) and the charge distribution generated by the bands and the edge states has approximately the simple form displayed on Fig. 2(b) (the colors give the correspondence to the respective bands/edge states).
The polarization when only the bottom band and an edge state are occupied is ±e/2 depending on whether the left or the right edge state is occupied. This is expected since I-symmetry is present. The former case (with integer number of unit cells) is obtained from the latter dropping the A site at the right end of the chain generating a shift of the center of the chain as shown in the bottom of Fig. 2(b) . The charge distribution due to the bottom band is not significantly affected when removing that site, but the right edge state is, becoming a zero energy edge state nearly fully localized at the D site at the right end.
Furthermore, the inversion center of the bottom band charge distribution becomes shifted in relation to the center of the chain, contributing therefore to the polarization. This contribution can be determined in two ways, either by summing charge times position throughout the chain (in this case the contribution of the positive background is zero) or by adding the polarization of the unit cells and in this case the contribution of the positive background at the empty sites at the ends of the chain must be added if one does not have the same number of empty sites outside the unit cells on both ends of the chain (as in the case with I-symmetry). So the polarization per unit length for the t 1 t 2 t 2 t 1 chain with integer number of unit cells N uc and with the N uc lowest energy states filled is
where P uc ABCD(CDAB) is the polarization of the unit cell ABCD (CDAB) in the bottom (top) plot of Fig. 2 (b) and the (−1/2) quantized term is due to the left edge state (ignoring finite size corrections) of Fig. 2(b) . In Fig. 2(c) , we show these shifts in the quantization relation of the polarization in the case of 6 unit cells. These arguments can be generalized for any choice of endings of the t 1 t 2 t 2 t 1 chain. Note that the charge density of the bottom band fixes the charge density of all bands (except at the edges) due to the chiral symmetry and the condition that the total charge gives one at every site.
To summarize, 1D topological insulators with noncentered I-axis in the unit cell for any choice of the unit cell show the following distinct features: i) a k-dependent I-operator within the unit cell; ii) the need for a correction in the Zak's phase to recover π-quantization consistent with the eigenvalues of modified parity operators at the I-invariant momenta; iii) a sublattice chiral-like symmetry protecting finite energy edge states, reflecting the need, in contrast with what is usually assumed, of explicit expressions for the respective symmetry operator not only in each k-subspace but also in the basis of the edge states; iv) a shift of the center of charge distribution of bulk bands in relation to the center of the chain for OBC commensurate with the unit cell. These results can be straightforwardly generalized to quasi-1D models (such as diamond chains [7, 29] ) and ribbons with non-centered axes of I-symmetry within the unit cell.
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SUPPLEMENTAL MATERIAL
I. EDGE STATE SOLUTIONS OF EQ. 14 Let us address edge-like states in an infinite t 2 t 1 t 1 t 2 chain. As mentioned in the main text, these states are not normalizable, but if they have zeros of amplitude at certain sites of the chain, open boundary conditions (OBC) may be introduced at these sites and one obtains an eigenstate of the finite chain which is orthogonal to the "harmonic" eigenstates. So we look for solutions of the type
We have four equations from the eigenvalue relation
which can be rewritten as a matrix equation
leading to four energies (for t 2 = 1 and t 1 = t)
The respective eigenstates are
We now require that one of the amplitudes is zero so that this state is an eigenstate of the finite chain with OBC. If we choose the first component, this leads to ε = ± √ 2t and c = −1 (k = π state) or to ε = 0 and c = 1 (k = 0 state). This implies that no edge state will be present at a left edge that ends with a B site or at a right edge that ends with a D site.
If we choose the second component, besides solutions that are not edge states (a k = 0 state with zero energy), we have
and the eigenstate is
Recalling that we are working with non-normalized edge states, we may divide the previous state by the first component leading to
which is the form of (ii) u(ε, c = − 1 t 2 ) = (−t 2 , 0, t, ε) T shown in the main text below Eq. 14. A similar procedure is followed in order to obtain u(ε, c = −t 2 ) = (1, ε, t, 0) T .
II. HOW TO DERIVE EQ. 15 FROM EQ. 13
The unitary Hermitian operatorĈ 1/2 = kĈ 1/2 (k), withĈ 1/2 (k) = |u 1 (k) u 2 (k)| + |u 3 (k) u 4 (k)| + H.c., (29) in the basis |k, A , |k, C , |k, B , |k, D [where A, B, C, D are the sites of the unit cell of the t 1 t 1 t 2 t 2 chain shown in Fig. 1(b) of the main text] is given bŷ
where σ α are the Pauli matrices:
The explicit form of the unitary Hermitian operator C 1/2 (k) substituting the Pauli matrices for k > 0 iŝ 
Since theĈ 1/2 operator has a k-dependentĈ 1/2 (k) matrix representation, the matrix representation in the edge states subspace of theĈ 1/2 operator is obtained by analytical continuation, that is,Ĉ edge 1/2 (c) = C Bloch 1/2 (e ik → c) with c = −e −α = e i(π+iα) , and in the {|A , |C , |B , |D } basis of each unit cell, it is given byĈ 
If one chooses c = −e −α = e i(−π+iα) and uses the matrix representation ofĈ 1/2 operator with k < 0, one obtains the same result.
